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Keilson : ( ) $\{p_{n}\}$
12 $\leqq M$ 12 $P$ $\geqq p_{n-1},$
n $\geqq M$ $p_{n+1}\leqq p_{n}$
$M$ 1
1 $\{p_{n}\}$ $*$t$*$a
$\{p_{n}\}$ $\{:p_{n}>O\}$ ( $=$ )
Keilson
( $p_{M}=1$




and Kolmogorov (1949; ) Keilson and Gerber (1971) K. $L.$
$-1/$Keilson $-$
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$x<a$ $H(x)=0$ $a\leqq x$ $H(x)=1$
$H(x)$ $a$
$a=0$
$H(x)$ ( ) $\delta(x)$
Ibragimov (1956) Feller (1971; vol. 158 ) Sudhakar
Dharmadhikari and Kumar $Joag-Dev(1988)$
$(-\infty, \infty)$
Keilson (1979;63 )
Keilson : $f(x)$ $x=a$
$x<a$ $x>a$
$X,$ $Y$ $X+Y$ $XY$
Ibragimov(1956)
composition” convolution’/




lbragimov(1956) Gnedenko and Kolmogorov(1949)
)
Ibragimov (1956) ( 2 )
$F$ $(x)$ $F(x)$ $F(x)$
( 3) $F_{n}(x)$ $F(x)$
$F_{nk}(x)$ $F_{nk}’(x)arrow F’(x)$ $(n_{k}$
$arrow\infty)$ (Gnedenko and Kolmogorov(1949))
$F(x)$ $F(x)$ $\phi(x)\equiv logF’(x)$ $E$
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$E$ $F(x)$ $0$









and K. Joag-Dev $(1988; 1. 1, 1. 2, pp. 11-13)$ , Feller ( $1971Vo1$ . ;168 25) $)$
Keilson
(
) $R$ ( $=$ )
(basis) $d$ $\{y:y=I2d_{J}$ Il
} $d$ (lattice)





$0\leqq\alpha\leqq 1$ $F_{d}(\cdot),$ $F_{c}(\cdot)$
$F_{d}(\cdot)$ $F_{c}(\cdot)$ (Chung (1968)) $\alpha>O$
$F_{d}(\cdot)$ $F(\cdot)$ $\{x_{n}$ : $I?=$
$0,$ $\pm 1,$ $\pm 2,$ $\cdots\}$ $x_{n}$ $p_{n}\geqq 0$ $-\infty<\cdots<x_{n}<x_{n+1}<\cdots<$
$\infty$ $x_{0}\equiv 0$ ( $x_{0}\equiv O$
$p_{0}=0$ ) $F_{d}(x)=\Sigma p_{n}\delta(x-x_{n})$
$O<\alpha<1$
$F_{1}$ $F_{2}$ lv $\alpha\in[0,1]$
$\alpha F1+(1-\alpha)F_{2}$ ’v (S. Dharmadh ikar $i$
and K. Joag-Dev(1988;2
generalized mixture (
1. 2; 4 ) $))$ $F(\cdot)$ $F_{d}(\cdot)$ $F_{c}(\cdot)$ $\nu$
$F(\cdot)$
$\prime v$
Ibragimov(1956) Keilson and Gerber(1971)
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$X$ $a\neq 0$ $b$ $a$ $x+b$
$(p. d. f.$ $)$ $(p.m. f.$ $)$
$f_{aX}+ b(x)=\frac{1}{|a|}f_{X}(\frac{x-b}{a})$ $p_{aX+b}(x)=P x(\frac{x-b}{a})$
$( X (0,1)$ $Y\equiv aX+b$
$a\neq 0_{\tau}$ $b$ $a+b$ $y$
$f_{Y}(y)=1/|a|$ $y$ $f_{Y}(y)=0$ ) $|a|$
$a>0$ $a<0$ ( )
Keilson (and Gerber(1971)) Ibragimov(1956)
$\{p_{n}I$ ( ) $\{\overline{p}_{n}\}$ ( )
–pn $\equiv P$ -
Kei lson
Khintchine : $X,$ $Y$ $Z\equiv XY$ $X,$ $Y$
$X,$ $Y$ :
$F_{Z}(z)\equiv P(XY\leqq z)=P_{X,Y}(\{(x, y):xy\leqq z\})$
$= \int\int\{(x, y). xy\leqq z\}$ $f_{X,Y}(x, y)dxdy$
$= \int dx0\infty\int_{-\infty}^{z/x}f_{x,v}(x, y)dy+f_{-\infty}^{0_{dx}}\int^{\infty}f_{x.Y}z/x(x, y)dy$ ( $.\cdot x=0$ $0$ )
( $x$ ) $y=y_{1}/x$ $dy=dy_{1}/$
$x$ )





Parzen (1960;318 (9. 9) )
$X$ $Y$ $X$ $(0,1)$
$f_{Z}(z)= \int_{0}^{1}\frac{1}{X}f_{Y}(\frac{z}{X})dx$
$z\geqq 0$ $z<0$
$f_{Z}(z)= \int_{zy}^{\infty}f_{Y}\underline{1}(y)dy$ $f_{Z}(z)= \int^{z}()-\infty\underline{1}yf_{Y}(y)$
$-4/Keil$ son
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$z=0$ $O<k<1$ $k$ $f_{Y}(y)$
$=O(y^{I-k})$ $(yarrow 0+O)$
$\lambda>1$ $k$ $f_{Y}(y)=O(y^{1-k})$ $(yarrow\pm\infty)$
(1961; 45. 2, 45. 9, 214-218 ) (
$z=0$ )
$f_{Z}’(z)=- \frac{f_{Y}(z)}{Z}$
$z<0$ $f_{Z}’(z)>0$ $f_{Z}(z)$ $z>0$
$f_{Z}’(z)<O$ $f_{Z}(z)$ $z=0$


















Gnedenko and Kolmogorov(1954) ) FY (0) $=F_{Z}(0)$







FY $(y)$ $Y$ $(0,1)$
$X$ $Z$ $Z$ $Y$
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FY $(\cdot),$ $F_{7_{arrow}}(\cdot)$
Feller(1971vol. :157-158 ) Shepp A. Khintchine
(formal criterion) (probabilistic version)
Feller
Shepp(1962)
$X$ $Y$ $($ $X$ $Y$ ) : $p_{n}\equiv P(Y=y_{n})$ ( $n$
$=0,$ $\pm 1,$ $\pm 2,$ $\cdots$ ; $y_{n}<y_{n+1}$ $y_{0}\equiv 0)$ (
$Y$ $y_{0}\equiv 0$ $P0\equiv 0$ )
$F_{Z}(z) \equiv P(XY\leqq z)=\sum_{n=-\infty}P\infty(Xy_{n}\leqq z)P(Y=y_{n})=\sum_{n=-\infty}p{}_{n}P\infty(Xy_{n}\leqq z)$
$\Sigma$ $P$ $(Xy$ $\leqq z)$ $n>0$ FX $(z/y_{n})$ $1?=0$
$z<0$ $0$ $z\geqq 0$
1 $Iz<0$ $y$ $<0$
$P(Xy_{n}\leqq z)=P(X\geqq z/y_{n})=1-P(X<z/y_{n})$
$=1-F_{X}(z/y_{n})+P(X=z/y_{n})=1-F_{X}(z/y_{n})$ ( $.\cdot F_{X}(\cdot)$ )
$F_{Z}(z)H(z) \sum_{n=1}\{p_{-n}(1-F_{X}(/)+{}_{n}F_{X}(/)\}$
$H$ ( z) (Heaviside) $Z<0$ $H(z)=0$ $Z\geqq 0$
$H(z)=1$ $Fz(0)=(1-F_{X}(0))F_{Y}(0)+F_{X}(0)(1-$
FY (0) $+p_{0})$ ( FZ $(O)=F_{X}(0)$
$F_{X}(0)=O$ FZ $(O)=(1+p_{0})/2$ )
$f_{Z}(z)=p_{0} \delta(z)+\sum_{ =1}\{-(p_{-n}/y_{-n})\infty f_{X}(z/y_{-n})+(p_{n}/y_{n})f_{X}(z/y_{n})\}$
$\delta(z)$ $f_{Z}(O)=\infty$
$X$ $(0,1)$ $f_{X}(z/y_{n})$ $n>0$ $0<z<y_{n}$
1 $z$ $0$ $f_{X}(z/y-\Pi)$ $y_{-n}<z<0$ 1
$z$ $O$ $f_{Z}(z)$ $k=1,2,$ $\cdots$
$z<O$ $z>O$
$y-k<z<y-k+1$ $\infty\Sigma\underline{p_{-n}};y_{k-1}<z<y_{k}$ $\sum_{n=k}^{\infty}\underline{p_{n}}$$n=k(-y-\Pi) y_{n}$
$f_{Z}(0)=\infty$ $z=0$
(proper)
\copyright 0 $\infty\sum_{n=1}$ $\frac{np_{-n}}{(-y_{-n})}+p_{0}+^{\infty}\sum_{n=1y_{n}}=\underline{np_{n}}1$
\copyright 0 $Y$ $(-1)$
$f_{Z}(z)$ $z=0$ $($ $p_{0}>O$ )
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$11$ $p_{0}= \sum_{\mathfrak{n}=1}\infty\underline{12p_{n}}$
$y_{n}$
$Y$ $P-\cdot=0(n=1,2, \cdots)$ $p_{0}=1/2$
$\llcorner L$ $z=0$
$\{q_{n}\}$ $Z$ $Y$ $\{p_{n}\}$
$p_{0}=q_{0},$ $q_{n}=(np_{n})/y_{n},$ $q_{-n}=(12P-n)/(-y-n)$ $(n=1,2, \cdots)$
$\{p_{n}\}$
$Y$ $F_{Y}(\cdot)$
$F_{Yd}(\cdot)$ $F_{Yc}(\cdot)$ $\alpha$ $(0,1)$
$X$ $O$
$Z$ $0$
$Z$ ( ) $(0,1)$
$X$ $Y$
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